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Abstract
In this paper, we study one of generalized Heisenberg ferromagnet equations with self-
consistent sources, namely, the so-calledM-CIV equation with self-consistent sources (M-CIVESCS).
The Lax representation of the M-CIVESCS is presented. We have shown that the M-CIVESCS
and the CH equation with self-consistent sources (CHESCS) is geometrically equivalent each to
other. The gauge equivalence between these equations is proved. Soliton (peakon) and pseudo-
spherical surfaces induced by these equations are considered. The one peakon solution of the
M-CIVESCS is presented.
KEYWORDS: Camassa-Holm equation with self-consistent sources; Heisenberg ferromagnet
equation; Heisenberg ferromagnet equation with self-consistent sources; Heisenberg ferromagnet
equation with self-consistent potentials; Lax representation; conservation laws; peakon; soliton.
1 Introduction
Camassa-Holm equation (CHE) has the form
ut + 2ωux − uxxt + 3uux = 2uxuxx + uuxxx, (1.1)
where u = u(x, t) is the fluid velocity in the x direction and ω = const is related to the critical
shallow water wave speed. This equation has several equivalent forms, for example, the following
ones
qt + 2uxq + uqx = 0, (1.2)
q − u+ uxx − ω = 0, (1.3)
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or
κt + (uκ)x = 0, (1.4)
u− uxx + ω − νκ
2 = 0. (1.5)
The CHE was implicitly contained in the class of multi-Hamiltonian system introduced by Fuchssteiner
and Fokas [1]. It explicitly derived as a shallow water wave equation by Camassa and Holm [2] and
after their works, the CHE and its different modifications have been studied from many kinds of
views [3]-[18]. The CHE shares most of the properties of the integrable system of KdV type and
possesses Lax representation (LR), the bi-Hamiltonian structure, smooth solitary wave solutions
(as ω > 0). For example, the solitary wave solutions become piecewise smooth and have cusps at
their peaks when ω → 0. When ω = 0, these kind of solutions are weak solutions and are called
”peakons”.
Integrable Heisenberg ferromagnet type equations play important role in modern physics and
mathematics (see, e.g., Refs. [20]-[61]). Recently, integrable generalized Heisenberg ferromagnet
equations which are equivalent to Camassa-Holm type equations were presented (see, e.g., refs.
[20]-[25]). In particular, it is shown that the CHE is (geometrically and gauge) equivalent to the
following Myrzakulov-CIV (M-CIV) equation [20]-[27]
Axt + (uAx)x + (uA
2
x + 0.5{Ax, At})A−
1
4β2
[A,Ax] = 0, (1.6)
tr(A2x) + 8β
2(u− uxx) = 0 (1.7)
or
(At + uAx)x + (uxx − ux − 2u)A −
1
4β2
[A,Ax] = 0, (1.8)
tr(A2x) + 8β
2(u− uxx) = 0. (1.9)
Here
A =
(
A3 A
−
A+ −A3
)
, A± = A1 ± iA2, A
2 = I, A = (A1, A2, A3), A
2 = 1, (1.10)
A2x = −4β
2qI, {At, Ax} = [(8β
2u− 4)q − 2(ux + uxx)]I. (1.11)
There are many integrable generalizations of the CHE. One of such generalizations is the CHE with
self-consistent sources (CHESCS) [3]. Such type integrable equations with self-consistent sources
have attracted much attention in recent years [15]. They have important applications in many
branches of physics. For example, the nonlinear Schro¨dinger equation with self-consistent sources
describes the nonlinear interaction of an electrostatic high-frequency wave with the ion acoustic
wave in a two component homogeneous plasma. Another example is the KdV equation with self-
consistent sources. It describes the interaction of long and short capillary-gravity waves. The famous
KP equation with self-consistent sources represents the nonlinear interaction of a long wave with
a short wave packet propagating on the x-y plane at some angle to each other. In this paper, we
would like to study the M-CIV equation with self-consistent sources (M-CIVESCS) and its relation
with the CHESCS.
This paper is organized as follows. In Section 2, we present the M-CIVESCS and its Lax
representation. In Section 3, the integrable motion of curves induced by the M-CIVESCS are
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constructed. The gauge equivalence between the M-CIVESCS and CHESCS is established in Section
4. The peakon (soliton) and pseudo-spherical surfaces induced by the M-CIVESCS and the CHESCS
are presented in Section 5 and in Section 6, respectively. In Section 7, the formulas of the one peakon
solution of the M-CIVESCS is presented. The M-CIVESCS and the CHESCS with N self-consistent
sources is given in Section 8. In Section 9, the conclusion is presented.
2 M-CIV equation with self-consistent sources
One of examples of the peakon spin systems is the following Myrzakulov-CIV equation with self-
consistent sources (M-CIVESCS)
[A,Axt] + (u[A,Ax])x −
1
β2
Ax − α(ω[A,Ax])x +
2α2χ
β2 + α
Ax +
2αβ2χx
β2 + α
A = 0, (2.12)
ψ1x − (
α
4β
−
1
4
)[(A+xA
− −A+A−x )ψ1 + 2(A
−
xA3 −A
−A3x)ψ2] = 0, (2.13)
ψ2x − (
α
4β
−
1
4
)[2(A+A3x −A
+
xA3)ψ1 + (A
+A−x −A
+
xA
−)ψ2] = 0. (2.14)
This equation can be written in the following equivalent form
Axt + uAxx + (uA
2
x + 0.5{Ax, At})A+ u1Ax + u3I + u2[A,Ax] = 0, (2.15)
ψ1x − (
α
4β
−
1
4
)[(A+x A
− −A+A−x )ψ1 + 2(A
−
x A3 −A
−A3x)ψ2] = 0, (2.16)
ψ2x − (
α
4β
−
1
4
)[2(A+A3x −A
+
xA3)ψ1 + (A
+A−x −A
+
xA
−)ψ2] = 0, (2.17)
where ω = φ21, χ = ωx + ω, α, β = consts and
u1 = u− αω, u2 =
α2χ
β2 + α
−
1
4β2
, u3 =
αβ2χx
β2 + α
, (2.18)
A =
(
A3 A
−
A+ −A3
)
, A± = A1 ± iA2, A
2 = I, A = (A1, A2, A3), A
2 = 1. (2.19)
The LR of the M-CIVESCS reads as
Ψx = U1Ψ, (2.20)
Ψt = V1Ψ. (2.21)
Here
U1 =
(
λ
4β
−
1
4
)
[A,Ax], (2.22)
V1 =
(
1
4β2
−
1
4λ2
)
A+
[
1
8βλ
−
1
8β2
−
(
λ
4β
−
1
4
)
u
]
[A,Ax] +
(
1
2λ
−
1
2β
)
Z, (2.23)
where
Z =
1
2
[
ux + uxx
β
−
αβχx
β2 + α
]−1 [
A,At −
(
1
2β
− u+
αβω
β2 + α
)
Ax
]
. (2.24)
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3 Integrable motion of space curves induced by the M-CIVESCS
In this section, we consider the integrable motion of space curves induced by the M-CIVESCS.
As usual, let us consider a smooth space curve γ(x, t) : [0,X] × [0, T ] → R3 in R3. Let x is the
arc length of the curve at each time t. The corresponding Frenet-Serret equation and its temporal
counterpart look like 
 e1e2
e3


x
= C

 e1e2
e3

 ,

 e1e2
e3


t
= G

 e1e2
e3

 , (3.25)
where ej are the unit tangent vector (j = 1), principal normal vector (j = 2) and binormal vector
(j = 3) which given by e1 = γx, e2 =
γxx
|γxx|
, e3 = e1 ∧ e2, respectively. Here
C =

 0 κ1 κ2−κ1 0 τ
−κ2 −τ 0

 , G =

 0 ω3 ω2−ω3 0 ω1
−ω2 −ω1 0

 , (3.26)
where τ , κ1, κ2 are the ”torsion”, ”geodesic curvature” and ”normal curvature” of the curve, re-
spectively; ωj are some functions. The compatibility condition of the equations (3.25) reads as
Ct −Gx + [C,G] = 0 (3.27)
or in elements
κ1t − ω3x − κ2ω1 + τω2 = 0, (3.28)
κ2t − ω2x + κ1ω1 − τω3 = 0, (3.29)
τt − ω1x − κ1ω2 + κ2ω3 = 0. (3.30)
We now assume A ≡ e1. Let take place the following expressions
κ1 = i, κ2 = λ(q − 1), τ = −iλ(q + 1), (3.31)
where q = 0.5λ(κ2 + iτ). Then we have
ω1 = i[(0.5λ
−1 − λu)(q + 1) + 0.5λ−2(ux + uxx)], (3.32)
ω2 = [(0.5λ
−1 − λu)(q + 1) + 0.5λ−1(ux + uxx)], (3.33)
ω3 = i[0.5λ
−2 − u− ux]. (3.34)
Now Eqs.(3.28)-(3.30) give us the following equations for q, u, φ1:
qt + 2qux + uqx − ωx + ωxxx = 0, (3.35)
φ1xx − (α
2q +
1
4
)φ1 = 0 (3.36)
or
qt + 2qux + uqx − [(φ
2
1)x − (φ
2
1)xxx] = 0, (3.37)
φ1xx − (α
2q +
1
4
)φ1 = 0. (3.38)
It is nothing but the CHESCS [3]-[4]. So, we have proved that the M-CIVESCS is the Lakshmanan
(geometrical) equivalent to the CHESCS.
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4 Gauge equivalence between the M-CIVESCS and the CHESCS
Above, we have shown that the M-CIVESCS and the CHESCS are the geometrical (Lakshmanan)
equivalent each to other. Now we consider the possible gauge equivalence between these equations
[26]. First, we note that from the results of the previous section and from the isomorphism so(3) ≈
su(2) follow the LR for the CHESCS of the form [3]
Φx = U2Φ, (4.39)
Φt = V2Φ, (4.40)
where
Φ =
(
φ1
φ2
)
, U2 =
(
−0.5 λ
λq 0.5
)
, V2 = V20 + V
′
2 . (4.41)
Here
V20 =
(
ux+uxx
2 −
1
4λ2
1
2λ − uλ
ux+uxx+q
2λ − uqλ
1
4λ2
− ux+uxx2
)
, (4.42)
V
′
2 = −
αλ2χ
2(λ2 + α)
σ3 +
αλ3ω
λ2 + α
(
0 1
q 0
)
−
αλχx
2(λ2 + α)
Σ, Σ =
(
0 0
1 0
)
. (4.43)
The compatibility condition Φxt = Φtx given by
U2t − V2x + [U2, V2] = 0 (4.44)
is equivalent to the CHESCS (3.35)-(3.36). Consider the transformation Ψ = g−1Φ, where Ψ is the
solution of the equations (2.20)-(2.21) and g = Φ|λ=β. Then the Lax pairs of the M-CIVESCS and
CHESCS is related by the following equations
U1 = g
−1U2g − g
−1gx, V1 = g
−1V2g − g
−1gt. (4.45)
Note that these LR can be rewritten in the equivalent scalar forms. For example, the equivalent
scalar form of the LR for the CHESCS is given by [3]
φ1xx = (λ
2q +
1
4
)φ1, (4.46)
φ1t =
(
1
2λ2
− u+
αλ2ω
λ2 + α
)
φ1x +
(
1
2
ux −
αλ2ωx
2(λ2 + α)
)
φ1. (4.47)
The compatibility condition φ1xxt = φ1txx is equivalent to the CHESCS (3.35)-(3.36). Finally we
present the following important relation between the solutions of the M-CIVESCS and the CHESCS:
tr(A2x) = −8β
2q = −8β2(u− uxx) (4.48)
or
A
2
x = −4β
2q = −4β2(u− uxx). (4.49)
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5 Peakon (soliton) surfaces
5.1 Peakon surfaces corresponding to the CHESCS
As well-known, the Sym-Tafel formula gives an interesting connection between the classical geom-
etry of manifolds immersed in Rn and the integrable systems. Using the Sym-Tafel formula, here
we want to construct the soliton (peakon) surface induced by the CHESCS and the M-CIVESCS.
To this end, let us consider a λ-family of parametric surfaces given by the matrix r = r(x, t, λ).
According to the Sym-Tafel formula, this matrix defines as
r = Φ−1Φλ, (5.50)
where Φ is the solution of the equations (4.39)-(4.40). We have
rx = Φ
−1U2λΦ, rt = Φ
−1V2λΦ. (5.51)
Then the components of the metric tensor define as
gij = r,i · r,j , (5.52)
where r = (r1, r2, r3) is the position vector, r,1 ≡ rx, r,2 ≡ rt. Then for example, the first
fundamental form of the soliton surface is given by
I = gijdx
idxj = r2xdx
2 + 2rxrtdxdt+ r
2
tdt
2, (5.53)
where
r
2
x =
1
2
tr(r2x), rxrt =
1
2
tr(rxrt), r
2
t =
1
2
tr(r2t ). (5.54)
For example,
g11 = r
2
x = q. (5.55)
Similarly, we can construct the second fundamental form in the standard way (see, e.g., [19]).
5.2 Peakon surfaces corresponding to the M-CIVESCS
Let us now we present the main elements of the soliton (peakon) surfaces induced by the M-
CIVESCS. In this case, the matrix r is given by
r = Ψ−1Ψλ. (5.56)
Here Ψ is the solution of the equations (2.20)-(2.21). These equations give
rx = Ψ
−1U1λΨ, rt = Ψ
−1V1λΨ. (5.57)
Then the components of the metric tensor is given by the formula (5.52). For example,
g11 = −
1
8β2
tr(A2x). (5.58)
Now it is not difficult to construct the first and second fundamental forms of the peakon (soliton)
surfaces that we can do in the standard way (see, e.g., [19]).
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6 Pseudo-spherical surfaces
In this section, we briefly present the main facts on the pseudo-spherical surfaces induced by the
M-CIVESCS and the CHESCS.
6.1 Pseudo-spherical surfaces related with the CHESCS
Consider the following linear problem
dΦ = Y2Φ, (6.59)
where
Y2 =
1
2
(
ω2 ω1 − ω3
ω1 + ω3 −ω2
)
= U2dx+ V2dt. (6.60)
The integrable condition of the 1-form Y2 is given by
d2Y2 = (U2t − V2x + [U2, V2])dt ∧ dx = 0. (6.61)
This means that the one-forms ωj satisfy the following structure equations
dω1 = ω3 ∧ ω2, (6.62)
dω2 = ω1 ∧ ω3, (6.63)
dω3 = ω1 ∧ ω2. (6.64)
These equations are equivalent to the CHESCS.
6.2 Pseudo-spherical surfaces related with the M-CIVESCS
We now return to the M-CIVESCS. To construct the pseudo-spherical surfaces induced by this
equation, let us consider the linear problem
dΨ = Y1Ψ, (6.65)
where the 1-form Y1 reads as
Y1 =
1
2
(
σ2 σ1 − σ3
σ1 + σ3 −σ2
)
= U1dx+ V1dt. (6.66)
As in the previous subsection, we consider the integrable condition of the 1-form Y1:
d2Y1 = (U1t − V1x + [U1, V1])dt ∧ dx = 0 (6.67)
which in components takes the form
dσ1 = σ3 ∧ σ2, (6.68)
dσ2 = σ1 ∧ σ3, (6.69)
dσ3 = σ1 ∧ σ2. (6.70)
These equations is equivalent to the M-CIVESCS. Thus the M-CIVESCS and the CHESCS describe
some kind pseudo-spherical surfaces as their analogies without sources (see, e.g., refs. [16]-[17]).
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7 One peakon solution of the M-CIV ESCS
As the integrable equation, the M-CIVESCS has all ingredients of integrable systems like LR,
conservation laws, bi-Hamiltonian structure, soliton solutions and so on. In particular, it admits
the peakon solutions. Here let us present a one peakon solution of the M-CIVESCS. To construct
this 1-peakon solution, we use the corresponding 1-peakon solution of the CHESCS [3]. The 1-
peakon solution of the M-CIVESCS has the form
A+ =
2g1g2
|g1|2 + |g2|2
, A3 =
|g1|
2 − |g2|
2
|g1|2 + |g2|2
, (7.71)
ψ1 =
g¯1φ1 + g¯2φ2
|g1|2 + |g2|2
, ψ2 =
−g2φ1 + g1φ2
|g1|2 + |g2|2
. (7.72)
Here
φ2 = λ
−1(φ1x + 0.5φ1), gj = φj |λ=β, (7.73)
where
φ1 =
√
σ′(t)ce−
1
2
|x−ct+σ(t)|, u = ce−|x−ct+σ(t)| (7.74)
is the 1-peakon solution of the CHESCS [3].
8 Integrable self-consistent N sources case
In the previous sections, we have considered the M-CIVESCS and the CHESCS with the one self-
consistent source. In this section, we present, in short form, integrable generalizations of these
equations with N self-consistent sources.
8.1 M-CIV equation with self-consistent N-sources
The M-CIVE with N self-consistent sources has the form
[A,Axt + (uAx)x]−
1
β2
Ax −
N∑
j=1
(
λj(ωj[A,Ax])x +
2λ2jχj
β2 + λj
Ax +
2λjβ
2χjx
β2 + λj
A
)
= 0, (8.75)
ψ1jx − (
λj
4β
−
1
4
)[(A+xA
− −A+A−x )ψ1j + 2(A
−
xA3 −A
−A3x)ψ2j ] = 0, (8.76)
ψ2jx − (
λj
4β
−
1
4
)[2(A+A3x −A
+
xA3)ψ1j + (A
+A−x −A
+
xA
−)ψ2j ] = 0, (8.77)
where ωj = φ
2
1j , χj = ωjx + ωj, α, β = consts and
A =
(
A3 A
−
A+ −A3
)
, A± = A1 ± iA2, A
2 = I, A = (A1, A2, A3), A
2 = 1. (8.78)
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The LR of the M-CIVESCS reads as
Ψx = U1Ψ, (8.79)
Ψt = V1Ψ. (8.80)
Here
U1 =
(
λ
4β
−
1
4
)
[A,Ax], (8.81)
V1 =
(
1
4β2
−
1
4λ2
)
A+
[
1
8βλ
−
1
8β2
−
(
λ
4β
−
1
4
)
u
]
[A,Ax] +
(
1
2λ
−
1
2β
) N∑
j=1
Zj,(8.82)
where
Zj =
1
2
[
ux + uxx
β
−
λjβχjx
β2 + λj
]−1 [
A,At −
(
1
2β
− u+
λjβωj
β2 + λj
)
Ax
]
. (8.83)
8.2 CHE with self-consistent N-sources
The CHE with N self-consistent sources has the form [3]
qt + 2qux + uqx −
N∑
j=1
[(ϕ2j )x − (ϕ
2
j )xxx] = 0, (8.84)
ϕj,xx − (λjq +
1
4
)ϕj = 0. (8.85)
Its LR reads as [3]
φxx = (
1
4
+ λq)φ, (8.86)
φt =
ux
2
φ+ (
1
2λ
− u)φx + 2
N∑
j=1
λλjφj
λ− λj
(φjxφ− φjφx), (8.87)
which means that the CHESCS is Lax integrable [3].
9 Conclusion
The integrable generalized Heisenberg ferromagnet equation with self-consistent sources, namely,
the M-CIVESCS is investigated. The integrable motion of space curves induced by the M-CIVESCS
is constructed. Using this result, the geometrical equivalence between the M-CIVESCS and the
CHESCS is established. It is shown that the M-CIVESCS and the CHESCS is gauge equivalent
each to other. The simplest conservation law and the one peakon solution are constructed. The
peakon (soliton) surfaces induced by the M-CIVESCS and the CHESCS are presented.
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